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A Somigliana dislocation dipole model is developed to determine the critical thickness for misﬁt twin formation in an
epilayer with diﬀerent elastic constants from its substrate. The critical dipole arm length is determined by minimizing the
twin formation energy for a given epilayer thickness and lattice mismatch strain, while a zero value of the minimum for-
mation energy determines the critical thickness for misﬁt twinning. The results obtained by the Somigliana dislocation
dipole model are roughly consistent with those by the previous dislocation-based twinning model.
 2008 Elsevier Ltd. All rights reserved.
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Misﬁt twinning was found experimentally in some semiconductor and metal epilayers to be the only strain
relaxation mechanism. Wu and Weatherly (2001) comprehensively studied stress relaxation in 2% lattice mis-
matched In1xGaxAs1yPy epilayers grown on InP (100) substrates at temperature 480 C. Their results indi-
cate clearly that there is a critical epilayer thickness for twinning, below which no misﬁt twins are formed (Wu
and Weatherly, 2001). In lattice mismatched Si/Ge superlattice epilayers deposited on (100) Ge substrates and
SixGe1x epilayers on (100) Si substrates, Wegscheider et al. (1990), Wegscheider and Cerva (1993) found that
when a tensile mismatch strain is larger than a critical value, 90 partial dislocations will be predominantly
generated, thereby leading to misﬁt twins. In contrast, if the tensile mismatch strain is lower than the critical
value, generating 60 perfect dislocations will be the predominant stress-relief mechanism. Li et al. (2005) stud-
ied the strain relaxation in GaAsN and GaP epilayers grown on (100) GaAs substrates. They found that the
relaxation of ﬁlms with rough surfaces occurred by twinning or by formation of perfect dislocations, while in
epilayers with smooth surfaces, ﬁlm cracking was the predominant stress-relief mechanism. Using transmis-
sion electron microscopy (TEM), Neethling and Alberts (1994) studied primary and multiple twins in GaAs
epilayers grown on Si (100) and Si (111) substrates. Their results indicate that misﬁt twins are originated from
the uneven GaAs/Si interface and propagate through the GaAs epilayer and the surface morphology of the Si0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.01.018
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theoretically studied Au–Ni and Au–Cu epilayers deposited on Au (001) substrates. Their results show that
misﬁt twinning, resulting from the glide of 90 partial dislocations on successive {111} planes, is the major
stress-relief mechanism. Halley et al. (2002) demonstrated that the strain relaxation in ordered FePd ﬁlms
grown on Pd (001) substrates took place mainly through misﬁt twining. The lattice misﬁt between the ordered
FePd and Pd(001) lattices is about 1%. The degree of the relaxation was found to be approximately linear to
the thickness of the FePd ﬁlms. The relaxation mechanism of misﬁt strain was later found to depend on the
chemical ordering in the FePd thin ﬁlms (Halley et al., 2004). In disordered or weakly ordered FePd layers, the
relaxation was dominated by the activity of perfect misﬁt dislocations (Halley et al., 2004). Using high-reso-
lution TEM, Liu et al. (2006) observed that misﬁt twinning and misﬁt dislocations were concurrently active in
the relaxation of compressive mismatch strain in electroplated Pd thin ﬁlms on Ni (001) substrates. A dislo-
cation-based model was then developed to predict the critical thickness for misﬁt twinning (Liu et al., 2007)
and to describe the equilibrium twin morphology (Zhang et al., 2007).
In addition to the dislocation mechanism of twinning, Somigliana dislocations (or disclinations) are also
used in the study of twinning (Li, 1974) because twins and Somigliana dislocations have the common rota-
tional nature. For example, Somigliana dislocation dipole models have been proposed to investigate domain
structures in epitaxial ferroelectric and superconducting thin ﬁlms (Mertz, 1954; Pande et al., 1987; Beyers
et al., 1987; Van Tendeloo et al., 1987; Kwak et al., 1992; Pompe et al., 1993; Tersoﬀ and Legoues, 1994; Sri-
dhar et al., 1996; Pertsev and Emel’yanov, 1997; Romanov et al., 1998; Farag et al., 2005, 2007.). However,
little work has been done in the theoretically study of misﬁt twinning by using the Somigliana dislocation
mechanism for metal and semiconductor epilayers. The present work aims at the development of a Somigliana
dislocation model for misﬁt twinning in epilayers. With the stress and displacement ﬁelds of a Somigliana
dislocation in an inﬁnite solid, we solve the stress and displacement ﬁelds of a misﬁt twin by using the hybrid
method of combining superposition and Fourier transformation (Zhang, 1995a; Zhang, 1995b). The advan-
tage of the hybrid method is that the formula determining the critical thickness can be approximately
expressed in a closed analytic form.
2. Somigliana dislocation dipole model of a misﬁt twin
Based on the dislocation mechanism of twinning, a twin boundary of a ﬁnite length is of a dislocation wall
with a ﬁnite length, which can be represented by a Somigliana dislocation dipole (Romanov et al., 1998). For a
dislocation wall, the Somigliana dislocation power, x^ ¼ ðx^1; x^2; x^3Þ, is linked to the Burgers vector,
b = (b1,b2,b3), of the dislocations by the following equation (Romanov et al., 1998):x^ ¼ b
d
; ð1Þwhere d is the dislocation spacing in the dislocation wall. A Somigliana dislocation dipole is formed by two
Somigliana dislocations of the same power but with opposite signs and separated by a distance l, which is
called the dipole arm length. The two Somigliana dislocation lines deﬁne the dipole plane, see Fig. 1(a). At
a distance much larger than the dipole arm length, the stress ﬁeld of the dipole approaches that of a single
dislocation located at the dipole center with a Burgers vector B ¼ x^l. For an edge dislocation wall with Bur-
gers vector perpendicular to the wall, the Somigliana dislocation dipole is actually a wedge disclination dipole
(Romanov and Vladimirov, 1992; Romanov et al., 1998). In the present work, we use the terminology ‘‘Somig-
liana dislocation dipole” for simplicity and we assign the Somigliana dislocation power based on the disloca-
tion mechanism of twinning. In the present study, we assume that misﬁt twins go through the whole epilayer
thickness. The interfaces between the twin and the matrix in the epilayer are called twin boundaries. The
boundaries between the epilayer and substrate are coherent, while there exists a Somigliana dislocation pole
along the interface between the twin in the epilayer and the substrate, as shown in Fig. 1(b).
For simplicity, we consider an epilayer deposited on a (100) substrate and both epilayer and substrate have
the diamond crystal structure. We set up the coordinate system such that the x1, x2, and x3 axes are along the
[011], [100] and ½011 directions, respectively, see Fig. 2. The Somigliana dislocation lines are parallel to the
½011 direction in the two-dimensional calculations and the dipole plane deﬁned by the Somigliana dislocation
Fig. 1. The Somigliana dislocation dipole: (a) A general dipole with power x^ and dipole arm length l representing a dislocation wall; (b) a
twin boundary at the interface as a dislocation wall or a Somigliana dislocation dipole.
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d ¼ a= ﬃﬃﬃ2p is the {111} plane spacing along the [011] direction. If the mismatch strain is compressive, a misﬁt
Somigliana dislocation dipole has a power of
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system.3. Energy analysis
Fig. 2 shows a heteroepitaxial ﬁlm with a thickness of h deposited on an inﬁnitely thick substrate. The inter-
face between the epitaxial layer and its substrate is chosen to be the x1 axis. An individual misﬁt Somigliana
dislocation dipole with power x^ and dipole arm l is located at the interface. The formation energy of a misﬁt
twin, Ef, is deﬁned as the energy change caused by the formation of a misﬁt twin. It is given by
Fig. 2. An individual misﬁt Somigliana dislocation dipole with power x and arm length l located at the interface between an epilayer and
its substrate.
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¼ Es þ Eint þ Ct;
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where Ct is the total twin-boundary energy between the misﬁt twin and the matrix of the epilayer; Es and Eint
denote, respectively, the self-energy of the Somigliana dislocation dipole and the interaction energy between
the Somigliana dislocation dipole and the mismatch strain; eT and rT are, respectively, the strain and stress
ﬁelds produced by the twin; and em and rm are, respectively, the strain and stress ﬁelds produced by the lattice
mismatch between the epilayer and the substrate. The integration domain,
P
, encloses the entire solid includ-
ing the epilayer and the substrate, but it excludes the Somigliana dislocation dipole cores. Application of the
divergence theorem to Es and Eint yieldsEs ¼ 1
2
Z
S
rT ;ijnjuT ;ids; ð3aÞ
Eint ¼
Z
S
rm;ijnjuT ;ids; ð3bÞwhere the boundary of S includes contours C1, Cr0, a cut along the dipole, Cl, and an arbitrary cut, as shown
in Fig. 2, and nj is a unit vector normal to the boundary. Usually, an arbitrary cut is made from a Somigliana
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venience. The traction-free condition along the surface x2 = h and the vanishing remote stresses of the dipole
stress ﬁeld reduce Eq. (3) toEs ¼ Els þ Ehs þ Ecs ; ð4aÞ
Eint ¼
Z h
0
rm;i1x^ildx2; ð4bÞwithEls ¼
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Cr0
rT ;ijnjuT ;ids; ð5cÞwhere h is the length of the arbitrary cut, r0 is the radius of the Somigliana dislocation core, and the integration
value, Ecs , along the core contour Cr0 is the core-traction contribution to the self energy. As long as the core-
traction contribution is included, the self energy of the Somigliana dislocation dipole is independent of the
choice of the arbitrary cut. The core-traction contribution may be approximately ignored for simplicity, espe-
cially when the ﬁlm thickness is much larger than the core size.
In the present study, the stress and displacement ﬁelds in the epilayer ﬁlm or in the substrate are divided
into two parts, respectively.ra ¼ rð1Þ þ rð2Þ; ua ¼ uð1Þ þ uð2Þ; ð6aÞ
ra ¼ rð1Þ þ rð2Þ; ua ¼ uð1Þ þ uð2Þ; ð6bÞThe ﬁrst part of stress and displacement ﬁelds with superscript ‘1’ represents the ﬁelds produced by a Somig-
liana dislocation dipole at the interface between two dissimilar semi-inﬁnite solids. The second part with super-
script ‘2’ together with the ﬁrst part of stress ﬁelds or displacments shall satisfy following boundary conditions:
(i) traction-free boundary condition at the epilayer surfacerð1Þi2 þ rð2Þi2 ¼ 0; i ¼ 1; 2; 3; x2 ¼ h ð7aÞ
(ii) traction-continuity boundary condition at the interfacerð2Þi2 ¼ rð2Þi2 ; i ¼ 1; 2; 3; x2 ¼ 0 ð7bÞ
(iii) displacement-continuity boundary condition at the interfaceuð2Þi ¼ uð2Þi ; i ¼ 1; 2; 3; x2 ¼ 0 ð7cÞ
Properties with or without (*) denote the property in the substrate or in the epilayer. In isotropic elasticity
treatment, in-plane and anti-plane elastic deformation can be studied separately. The details are described
in Appendix.
For a bi-axial mismatch stress ﬁeld in an epilayer, the mismatch stress ﬁeld is determined by the lattice mis-
match between the epilayer and its substrate, which generates a mismatch strain, f:f ¼ a
  a
a
; ð8Þwhere a and a* denote the lattice constant of the ﬁlm and the substrate, respectively. The bi-axial mismatch
stress ﬁeld is explicitly expressed by
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1 m f ; and other rm;ij ¼ 0; ð9Þwhere l and m are, respectively, the shear modulus and Poisson’s ratio of the epilayer. Eq. (9) indicates that the
mismatch stresses are related only to the elastic constants of the epilayer when the substrate is treated as being
inﬁnitely thick. Since the mismatch stress ﬁeld is analytic at the Somigliana dislocation dipole core, the inter-
action energy can be calculated without excluding the core in the integration. Thus, completing the integration
of Eq. (4b) givesEint ¼ 2lð1þ mÞ
1 m f x^1lh: ð10ÞAs can be seen in Eq. (10), the product of the x^1 component of the Somigliana dislocation dipole power and
the mismatch strain must be negative to ensure negative interaction energy, which is necessary in order to form
the misﬁt twin.
The total twin-boundary energy is calculated byCt ¼ 2cT h
sin/
; ð11Þwhere cT is the speciﬁc twin-boundary energy between the twin and the matrix and / denotes the orientation
of the misﬁt twin. Usually, cT approximately takes a half value of the speciﬁc stacking fault energy. If the
Somigliana dislocation dipole is reduced to a single dislocation, there is only a stacking fault and Eq. (11)
holds also.
The detailed derivation of the self energy is given in the Appendix. The hybrid method yields the self energy
in an analytic form:Es ¼ ðJ 1 þ J 2Þðx^
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þ Es;h0;3 þ Es;l0;3 þ Ee;h0;3 þ Ee;l0;3; ð12aÞwhere r0 is the core radius of the Somigliana dislocation dipole, x^1, x^2 and x^3 are the components of the
Somigliana dislocation dipole power in the coordinate system, le is the eﬀective shear modulus, and J1 and
J2 are bimaterial constants introduced by Zhang and Li (1992):J 1 ¼ ll

lþ lj ; J 2 ¼
ll
l þ lj ;
le ¼
2ll
l þ l ; j ¼ 3 4m;
ð12bÞThe energy contributions of Es;h0;3;E
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e;h
0;3 and E
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0;3 are attributed to the elastic mismatch in the elastic constants
between the epilayer and the substrate, and are calculated via Fourier transformation (see Appendix for
details).
If the dipole arm l approaches d, a Somigliana dislocation dipole reduces to a single dislocation, the dipole
power components, x^1l, x^2l and x^3l, become b1, b2 and b3 correspondingly. Then, the self energy of single
dislocation is reduced to the previous results for a misﬁt dislocation (Zhang, 1996).Es ¼ leb
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First, we numerically calculate and plot the formation energy of a misﬁt twin. In the numerical calculations,
the core size of a Somigliana dislocation dipole is set to be r0 = b0/4 with b0 denoting the magnitude of the
Burgers vector of the partial dislocations that build up the Somigliana dislocation dipole. The value of the
speciﬁc twin-boundary energy is set as cT = 0.04 J/m
2. Assuming that the epilayer has the same elastic con-
stants as the substrate, Fig. 3 shows the formation energy as a function of the dipole arm l/b0 for various val-
ues of epilayer thickness at mismatch strain f = 0.01 and f = 0.005, respectively, where the used parameters are
Poisson’s ratio of m = 0.3 and dipole power
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d ½ 1ﬃﬃ3p ;
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q
; 0. As indicated in Fig. 3(a) for h = 20 b0, the for-
mation energy is always larger than zero and increases with the dipole arm for a thin epilayer. As the epilayer
thickness increases, the formation energy ﬁrstly decreases and then increases with the dipole arm, but the for-
mation energy is always larger than zero, as illustrated in Fig. 3(b) for h = 200 b0. This means that forming a
misﬁt twin is energetically unfavorable in a thin epilayer because it increases the energy of the epilayer/sub-
strate system. However, if the epilayer thickness reaches a critical thickness, hc, the formation energy has a
minimum value of zero with a critical misﬁt dipole arm of the misﬁt Somigliana dislocation dipole. The critical
thicknesses shown in Fig. 3(a) and (b) are hc = 69.3 b0 and hc = 309.8 b0, respectively, and the corresponding
critical misﬁt dipole arms are lc = 3.5 b0 and lc = 5.2 b0. When the epilayer thickness is larger than the criticalFig. 3. The formation energy of a misﬁt Somigliana dislocation dipole as a function of the dipole arm length, l, for lattice mismatch
strains, (a) f = 0.01 and (b) f = 0.005.
3180 L. Liu et al. / International Journal of Solids and Structures 45 (2008) 3173–3191thickness, hc, the formation energy may be below zero already, as shown for h = 120 b0 in Fig. 3(a), or
decreases through zero, reaches a minimum, and then increases through zero again when the dipole arm length
increases, as shown for h = 400 b0 in Fig. 3(b). If the dipole arm length, l, is treated as a continuous variable,
the critical thickness for misﬁt twinning should be determined by simultaneously satisfyingFig. 4.
as a fu
0.09 J/oEf ðh; lÞ
ol
¼ 0 and ð14aÞ
Ef ðh; lÞ ¼ 0: ð14bÞThis is because, for a given epilayer/substrate system, the formation energy of a misﬁt Somigliana dislocation
dipole is a function of the epilayer thickness and the dipole arm length. Eq. (14a) alone gives only the equi-
librium misﬁt Somigliana dislocation dipole arm, with which the formation energy reaches its minimum. As
shown in Fig. 3(b), the minimum formation energy changes with the epilayer thickness. Therefore, Eq. (14b) is
needed to determine the critical thickness for misﬁt twinning. Eq. (14b) states such a critical condition, at
which generating a misﬁt twin does not change the energy of the entire system. If the epilayer thickness is lar-
ger than the critical thickness, generating a misﬁt twin will release the mismatch energy of the system.The upper ﬁgures show the critical thickness for misﬁt twinning and the critical thickness for misﬁt perfect dislocation generation
nction of tensile mismatch strain, for the shear modulus ratios of l/l* = 0.5, 1 and 2 and with the twin boundary energies of (a)
m2 and (b) 0.04 J/m2. The lower ﬁgures show the corresponding critical Somigliana dislocation dipole arm length, l.
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are shown in Fig. 4(a) for the twin boundary energy, cT = 0.09 J/m
2, and in Fig. 4(b) for cT = 0.04 J/m
2 as a
function of the tensile lattice mismatch strain, where three shear modulus ratios of l/l* = 0.5, 1 and 2 are
used. Since the magnitude of the Burgers vector of a 60 perfect dislocation,
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ﬃﬃﬃ
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times of that of a
90 partial dislocation, the core size of the 60 perfect dislocation is also
ﬃﬃﬃ
3
p
times of the core size of the
90 partial dislocation in the calculation. For each of the used twin boundary energies, as expected, the critical
thickness decreases monotonically with increasing the tensile mismatch strain. The elastic mismatch between
an epilayer and its substrate plays an important role in the critical thickness, especially with small mismatch
strains. Fig. 4(a) and (b) illustrate that a softer epilayer gives a larger critical thickness for both misﬁt twinning
and misﬁt dislocations. If a tensile mismatch strain is lower than the critical value of 0.015 for the epilayer with
the speciﬁc twin boundary energy of 0.04 J/m2, the critical thickness for misﬁt perfect dislocations is smaller
than the critical thickness for misﬁt twinning, indicating that a perfect misﬁt dislocation rather than a misﬁt
twin is easily formed energetically. This is because a misﬁt twin has two twin-boundaries that possess the twin-
boundary energy against the formation of a misﬁt twin. The total twin-boundary energy could be much larger
than the strain energy of the twin when the epilayer thickness is shallow. On the other hand, if a tensile mis-
match strain is higher than the critical value, the critical thickness for misﬁt perfect dislocations is larger than
the critical thickness for misﬁt twinning, thereby indicating that a misﬁt twin rather than a misﬁt perfect dis-
location may be easily formed energetically. The comparison of Fig. 4(a) and (b) shows that the critical value
of the mismatch strain depends on the speciﬁc twin-boundary energy and a large twin boundary energy results
in a large critical mismatch strain value. The critical mismatch values are fc = 0.032 and fc = 0.015 correspond-
ing to the speciﬁc twin-boundary energies of 0.09 J/m2 and 0.04 J/m2, respectively. The results imply that mis-
ﬁt twinning prefers to occur in a ﬁlm of lower twin boundary energy. Since the twin-boundary energy and the
interaction energy are both directly proportional to the epilayer thickness, we may deﬁne the eﬀective driving
force, G, for misﬁt twinning, which is given byFig. 5.
and byG ¼ Ct þ Eint ¼ 2lh cT=l
sin/
þ ð1þ mÞ
1 m f x^1l
 
: ð15ÞIf cT =l
sin/ þ 1þm1m f x^1lP 0, clearly, there is no driving force for misﬁt twinning, so no misﬁt twin will be generated.
Eq. (15) indicates that increasing the dipole arm length enhances the eﬀective driving force for misﬁt twinning.
The numerical results conﬁrm this expectation. The critical Somigliana dislocation dipole arm corresponding
to the critical thickness for misﬁt twinning is illustrated in the bottom of Fig. 4(a) and (b). In general, the crit-
ical dipole arm is large when the mismatch strain is small. Take l/l* = 0.5 and cT = 0.09 J/m
2 as an example.
When the tensile lattice mismatch strain is 0.01, the critical dipole arm is lc = 5.2b0, while a tensile lattice mis-Formation energies of misﬁt twins as a function of thin ﬁlm thicknesses calculated by the Somigliana dislocation dipole (SD) model
the dislocation-based twinning model, where the dipole arm lengths are denoted by l = md with m = 3, 20, 40 and 80.
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higher than 0.025, the eﬀective driving force is high enough for the given speciﬁc twin-boundary energy
and thus the misﬁt twin is actually a single partial misﬁt dislocation.5. Comparison of Somigliana dislocation dipole model with dislocation-based twin model
Fig. 5 shows the calculation results of the formation energy of a misﬁt twin as a function of epilayer thick-
ness from both Somigliana dislocation dipole and dislocation-based twin models. For comparison, the dipole
arm length, l, is given by md and four values of m, i.e. 3, 20, 40, 80, are studied here as examples. When m is
equal to 3 or 20, the formation energy calculated from the Somigliana dislocation dipole model is almost iden-
tical to that from the dislocation model. For m = 40, the calculations show slight diﬀerences between the for-
mation energies when the epilayer thickness is smaller than 300 b0. As the epilayer thickness increases, the
diﬀerence becomes smaller and negligible if the epilayer thickness is large enough. The diﬀerence is more
clearly shown for m = 80. The formation energy calculated from the dislocation model is higher than that cal-
culated from the Somigliana dislocation model. This is because there are m partial dislocation cores in the dis-
location model, while there are only two cores with each at one end in the Somigliana dislocation dipole
model. A dislocation or Somigliana dislocation core means a stress singularity in the conventionally linear
elasticity treatment of dislocations and Somigliana dislocations. Therefore, less number of singularities should
lead to more physically reasonable results. On this sense, the Somigliana dislocation dipole model of twins is
better than the dislocation model, especially, if the twin width is large. We also compare the critical thickness
calculated from the Somigliana dislocation model to that calculated from the dislocation model and show the
results in Fig. 6. If the input parameters are the same, the critical thickness calculated by the Somigliana dis-
location model is more or less the same as that calculated from the previous dislocation-based twinning model
(Liu et al., 2007). For example, when the lattice mismatch strain is equal to 0.043, the critical thickness cal-
culated by the Somigliana dislocation model is 4.8 b0, while it is 6.9 b0 from the dislocation-based twinning
model. As mentioned above, the equilibrium misﬁt twin width is short at the critical thickness. That is why
two models will generate more or less the same value of critical thickness.6. Concluding remarks
In this paper, a Somigliana dislocation dipole model is developed to determine the critical thickness of an
epilayer for misﬁt twinning. Using the hybrid superposition and Fourier transformation approach, analytical
solutions are derived for the calculations of various energies involved in the formation of a misﬁt twin. AFig. 6. The critical thicknesses as a function of lattice mismatch calculated by the Somigliana dislocation model and by the dislocation-
based twinning model.
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the derived analytical solutions reduce to that for a single dislocation. The critical thickness for misﬁt twinning
is determined by letting the minimum formation energy equal zero, which simultaneously determines the crit-
ical thickness and the critical dipole arm length for a given epilayer/substrate system. The Somigliana dislo-
cation model for misﬁt twinning leads to the nearly same results as those obtained from the previous
dislocation-based twinning model. Misﬁt twinning is easily to occur in an epilayer/substrate system if the sub-
strate is more elastically softer. The calculation results from the Somigliana dislocation model conﬁrm the
existence of a critical mismatch strain value, above which misﬁt twinning is more preferred than the misﬁt dis-
location generation. Of course, the critical mismatch strain depends on the speciﬁc twin boundary energy of
the epilayer, as described in the previous work (Liu et al., 2007). Therefore, engineering lattice mismatch strain
and/or twin boundary energy will change the stress-relief mechanism. The advantage of the Somigliana dis-
location model in comparison to the partial dislocation model lies in the reduction of the stress singularity
number, while improving the calculation accuracy and meanwhile reducing the calculation time.
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Appendix A
We consider a Somigliana dislocation dipole located at the interface between two dissimilar semi-inﬁnite
solids with the interface being the x1-axis. In isotropic elasticity treatment, in-plane and anti-plane elastic
deformation can be studied separately.
A.1. Screw component
For anti-plane deformation, the displacement, u3, should satisfy the governing equation,o2
ox21
þ o
2
ox22
 
u3ðx1; x2Þ ¼ 0: ðA1ÞEq. (A1) is satisﬁed when the displacement u3 is the imaginary part of an arbitrary analytic function, g(z), with
z = x1 + i x2, i.e.,u3 ¼ Im½gðzÞl ; ðA2Þwhere Im denotes the imaginary part of a complex function. Then, the stress components, r31 and r32, are
calculated from the analytic function,r32 þ ir31 ¼ g0ðzÞ; ðA3Þ
where the prime stands for the diﬀerentiation with respect to z. For a Somigliana screw dipole with power of
x^3 located on the x1 axis from x1h to x1e and with a dipole arm length of l = x1e  x1h, its complex potentials
satisfying the boundary conditions are given bygð1Þ ¼ gð1Þ ¼ lex^3
2p
½ðz x1hÞ lnðz x1hÞ  ðz x1eÞ lnðz x1eÞ ðA4Þwhere le ¼ 2ll

lþl and x^3 ¼ b3d , l and l* are the shear modulus of the ﬁlm and substrate respectively. Thus, the
ﬁrst part of the stress ﬁeld in the epilayer is given byrð1Þ ¼ rð1Þ ¼ lex^3
2p
ln
z x1h
z x1e
 
ðA5ÞSeparating the real part from the imaginary part, we obtain the stress components
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lex^3
2p
arctan
x1  l x1h
x2
 arctan x1  x1h
x2
 
;
rð1Þ32 ¼
lex^3
4p
ln
ðx1  x1hÞ2 þ x22
ðx1  l x1hÞ2 þ x22
:
ðA6ÞThen, using Eq. (5), we calculated the contribution to the self energy from the ﬁrst part of the stress ﬁeld. They
are given byEs;h0;1 ¼ 
1
2
Z h
r0
rð1Þ31x1¼lþx1hx^3ldx2 ¼
lex^
2
3l
2
4p
1
2
ln
l2 þ h2
l2 þ r20
þ h
l
arctan
l
h
 r0
l
arctan
l
r0
" #
; ðA7aÞ
Es;l0;1 ¼
1
2
Z lr0
r0
rð1Þ32x2¼0x^3x1dx1 ¼
lex^
2
3
8p
l2  2lr0 þ 2ðr20  lr0Þ ln
l r0
r0
 
; ðA7bÞwhere ‘h’ and ‘l’ denote the integration path along the arbitray cut and the integration path Cl, respectively.
Using Fourier transformation,~f ðn; x2Þ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
Z 1
1
f ðx1; x2Þeix1ndx1; ðA8Þwe convert the governing Eq. (A1) into the n space asn2 þ o
2
ox22
 
~u3ðn; x2Þ ¼ 0; ðA9ÞThus, the second part of the displacement in the epilayer satisfying the traction-free boundary condition is
given by~uð2Þ3 ðn; x2Þ ¼ A1ejnjx2 þ A2ejnjx2 ðA10aÞ
with A1 ¼ A2=a21, a1 ¼ ea2 and a2 = jnjh. The second part of the displacement and stress ﬁelds in the substrate
has to meet the zero remote stress condition at inﬁnity and, therefore, it takes the form:~uð2Þ3 ðn; x2Þ ¼ A1ejnjx2 ðA10bÞ
The displacement- and traction-continuity boundary conditions along the interface requireA1 ¼ A1 þ A2; ðA11aÞ
A1 ¼ CðA1  A2Þ; ðA11bÞwhere C = l/l*. Then, using the traction-free condition along the surface, we havelex^3
2
ﬃﬃﬃﬃﬃ
2p
p e
iln  1
jnja1 e
ix1hn ¼ ljnj A1a1  A2 1a1
 
ðA12ÞSolving (A11) and (A12) leads toA2 ¼ lex^3ðC 1Þ
2
ﬃﬃﬃﬃﬃ
2p
p ½ðC 1Þ  ðCþ 1Þa21
eiln  1
n2l
eix1hn; ðA13aÞ
A1 ¼ 1þ CC 1A2: ðA13bÞThe stress component, ~rð2Þ31 , in the n space is given by~rð2Þ31 ¼
lex^3
2
ﬃﬃﬃﬃﬃ
2p
p ½ðC 1Þ  ðCþ 1Þa21
eiln  1
in
eix1hn½ðC 1Þejnjx2 þ ð1þ CÞejnjx2 : ðA14aÞAt x2 = 0, the stress component, ~r
ð2Þ
32 , in the n space is given by
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lex^3ﬃﬃﬃﬃﬃ
2p
p ½ðC 1Þ  ðCþ 1Þa21
eiln  1
j n j e
ix1hn ðA14bÞUsing the inverse Fourier transformation,f ðx1; x2Þ ¼ 1ﬃﬃﬃﬃﬃ
2p
p
Z 1
1
~f ðn; x2Þeix1ndn; ðA15Þwe have the stress components, rð2Þ31 and r
ð2Þ
32 , in the real space. Finally the energy associated with the second
part of the stress ﬁeld is calculated to beEh0;2s ¼
lex^
2
3l
4p
Z 1
0
sinðlnÞ
n
½ðC 1Þ  ð1þ CÞa21 þ 2a1
na1½ðC 1Þ  ðCþ 1Þa21
dn; ðA16aÞ
El0;2s ¼
lex^
2
3
2p
Z 1
0
1
½ðC 1Þ  ðCþ 1Þa21
2 2 cosðlnÞ  ln sinðlnÞ
n3
dn: ðA16bÞFor convenience, the energies can be expressed asEh0;2s ¼ Es;h0;2 þ Es;h0;3; ðA17aÞ
El0;2s ¼ Es;l0;2 þ Es;l0;3; ðA17bÞ
Es;h0;2 ¼ Eh0;2sjC¼1 ¼
lex^
2
3l
2
4p
1
2
ln
l2 þ 4h2
l2 þ h2 þ
2h
l
arctan
l
2h
 h
l
arctan
l
h
 
; ðA17cÞ
Es;h0;3 ¼ Eh0;2s  Es;h0;2 ¼
lex^
2
3l
4p
Z 1
0
sinðlnÞ
n
ð1 CÞ 1 1
a2
1
 
½ðC 1Þ  ðCþ 1Þa21n
dn; ðA17dÞ
Es;l0;2 ¼ El0;2sjC¼1 ¼
lex^
2
3l
2
4p
 1
2
þ 2h
l
arctan
l
2h
 2h
2
l2
ln
l2 þ 4h2
4h2
 
; ðA17eÞ
Es;l0;3 ¼ El0;2s  Es;l0;2 ¼
lex^
2
3
4p
Z 1
0
ð1 CÞ 1 1
a2
1
 
½ðC 1Þ  ðCþ 1Þa21
2 2 cosðlnÞ  ln sinðlnÞ
n3
dn: ðA17fÞA.2. Edge component
For two-dimensional in-plane deformation, the equilibrium equations can be expressed by displacements
as:2ð1 mÞ o
2u1
ox21
þ o
2u2
ox1ox2
þ ð1 2mÞ o
2u1
ox22
¼ 0; ðB1aÞ
2ð1 mÞ o
2u2
ox22
þ o
2u1
ox1ox2
þ ð1 2mÞ o
2u2
ox21
¼ 0: ðB1bÞTwo complex potentials, /(z) and x(z), are used to represent the displacement and stress ﬁelds:r11 þ r22 ¼ 2½/0ðzÞ þ /0ðzÞ;
r22  ir12 ¼ /0ðzÞ þ x0ðzÞ þ ðz zÞ/00ðzÞ;
uðzÞ ¼ u1 þ iu2 ¼ 1
2l
½j/ðzÞ  ðz zÞ/0ðzÞ  xðzÞ:
ðB2Þwhere j = 3  4m. m is Poisson’s ratio.
For a Somigliana edge dislocation dipole located on the x1 axis from x1h to x1e with a dipole arm length of
l = x1e  x1h, the complex potentials of the ﬁrst part are
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p
½ðz x1hÞ lnðz x1hÞ  ðz x1eÞ lnðz x1eÞ; ðB3aÞ
xð1ÞðzÞ ¼ J 2x^e
p
½ðz x1hÞ lnðz x1hÞ  ðz x1eÞ lnðz x1eÞ; ðB3bÞwhere x^e ¼ x^2  ix^1. Thus, the ﬁrst part of stress ﬁelds in the ﬁlm is given byrð1Þ11 þ rð1Þ22 ¼
2J 1x^2
p
ln
ðx1  x1hÞ2 þ x22
ðx1  l x1hÞ2 þ x22
þ 4J 1x^1
p
arctan
x1  l x1h
x2
 arctan x1  x1h
x2
 
; ðB4aÞ
rð1Þ22  irð1Þ21 ¼
J 1x^e
p
1
2
ln
ðx1  x1hÞ2 þ x22
ðx1  l x1hÞ2 þ x22
þ i arctan x1  l x1h
x2
 arctan x1  x1h
x2
 " #
; ðB4bÞ
þ J 2x^e
p
1
2
ln
ðx1  x1hÞ2 þ x22
ðx1  l x1hÞ2 þ x22
 i arctan x1  l x1h
x2
 arctan x1  x1h
x2
 " #
;
þ 2x2iJ 1x^e
p
ðx1  x1hÞ þ x2i
ðx1  l x1hÞ2 þ x22
 ðx1  l x1hÞðx1  l x1hÞ2 þ x22
" #Then, using Eq. (5), we calculated the contribution to the self energy from the ﬁrst part of the stress ﬁeld. They
are given byEe;h0;1 ¼
ðJ 1 þ J 2Þðx^21 þ x^22Þl2
2p
1
2
ln
l2 þ h2
l2 þ r20
þ h
l
arctan
l
h
 r0
l
arctan
l
r0
" #
ðB5aÞ
þ J 1ðx^
2
1  x^22Þl2
p
h
l
arctan
l
h
 r0
l
arctan
l
r0
 
;
Ee;l0;1 ¼
ðJ 1 þ J 2Þðx^21 þ x^22Þ
4p
l2  2lr0 þ 2ðr20  lr0Þ ln
l r0
r0
 
: ðB5bÞUsing Fourier transformation, we convert the equilibrium Eq. (B1), into the n space, n22ð1 mÞ~u1 þ ðinÞ o~u2ox2 þ ð1 2mÞ
o2~u1
ox22
¼ 0; ðB6aÞ
2ð1 mÞ o
2~u2
ox22
þ ðinÞ o~u1
ox2
 n2ð1 2mÞ~u2 ¼ 0: ðB6bÞThe general solution to Eq. (B6) is given byuð2Þ1 ¼ in½A1ejnjx2 þ A2ejnjx2  A3 j n j x2ejnjx2 þ A4 j n j x2ejnjx2 ; ðB7aÞ
uð2Þ2 ¼j n j ½A1ejnjx2 þ A2ejnjx2 þ A3ðj n j x2  jÞejnjx2 þ A4ðj n j x2 þ jÞejnjx2 : ðB7bÞThen, the stresses take the forms:rð2Þ11 ¼ 2ln2½A1ejnjx2 þ A2ejnjx2  A3ðj n j x2 þ 2mÞejnjx2 þ A4ðj n j x2  2mÞejnjx2 ; ðB8aÞ
rð2Þ21 ¼ 2lin j n j ½A1ejnjx2  A2ejnjx2  A3ðj n j x2  1þ 2mÞejnjx2  A4ðj n j x2 þ 1 2mÞejnjx2 ; ðB8bÞ
rð2Þ22 ¼ 2ln2½A1ejnjx2  A2ejnjx2 þ A3ðj n j x2  2þ 2mÞejnjx2  A4ðj n j x2 þ 2 2mÞejnjx2 : ðB8cÞThe general solutions can be directly used for the second part of the displacement and stress ﬁelds in the epi-
layer. For the second part of the displacement and stress ﬁelds of the substrate, zero displacements and stresses
at inﬁnity let the solutions in the n space take the form:uð2Þ1 ¼ in½A1ejnjx2  A3 j n j x2ejnjx2 ; ðB9aÞ
uð2Þ2 ¼j n j ½A1ejnjx2 þ A3ðj n j x2  jÞejnjx2 ; ðB9bÞ
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rð2Þ21 ¼ 2lin j n j ½A1ejnjx2  A3ðj n j x2  1þ 2mÞejnjx2 ; ðB10bÞ
rð2Þ22 ¼ 2ln2½A1ejnjx2 þ A3ðj n j x2  2þ 2mÞejnjx2 : ðB10cÞThe traction-free condition at the surface of the epilayer requiresA1a1  A2a1  A3ða2  1þ 2mÞa1  A4
ða2 þ 1 2mÞ
a1
¼  ~r
ð1Þ
21x2¼h
2lin j n j ; ðB11aÞ
A1a1 þ A2a1  A3ða2  2þ 2mÞa1 þ A4
ða2 þ 2 2mÞ
a1
¼ ~r
ð1Þ
22x2¼h
2ln2
; ðB11bÞwhich yieldsA1 ¼ A3 a2  j
2
 
 A4 1
2a21
þ f1; ðB12aÞ
A2 ¼ A3 a
2
1
2
 A4 a2 þ j
2
 
þ f2: ðB12bÞwheref1 ¼
~rð1Þ22x2¼h
4ln2a1
 ~r
ð1Þ
21x2¼h
4lin j n j a1 ; f 2 ¼
~rð1Þ22x2¼ha1
4ln2
þ ~r
ð1Þ
21x2¼ha1
4lin j n j : ðB12cÞThe traction-continuity and the displacement continuity boundary conditions along the interface requireA1 þ ð1 2mÞA3 ¼ C½A1  A2 þ ð1 2mÞðA3  A4Þ; ðB13aÞ
A1 þ ð2 2mÞA3 ¼ C½A1 þ A2 þ ð2 2mÞðA3 þ A4Þ; ðB13bÞwhich yieldsA1 ¼ A1 þ A2; ðB14aÞ
 A1  jA3 ¼ A1 þ A2  jðA3  A4Þ: ðB14bÞSolving Eqs. (B12) and (B14) leads toA3 ¼ 2 ðj
Cþ 1ÞL1f2 þ ðC 1ÞL2f1
H
; ðB15aÞ
A4 ¼ 2a21
ðjCþ 1ÞL3f2 þ ðC 1ÞL4f1
H
; ðB15bÞwhereL1 ¼ ðC 1Þ  ðCþ jÞa21; ðB16aÞ
L2 ¼ 2ðjCþ 1Þa2a21; ðB16bÞ
L3 ¼ 2ðC 1Þa2; ðB16cÞ
L4 ¼ ðjCþ 1Þa21 þ ðj jCÞ; ðB16dÞ
H ¼ L1L4  L2L3: ðB16eÞThe energy associated with the second part of stress integration along the arbitrary cut can be expressed in
terms of n as
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x^1llﬃﬃﬃﬃﬃ
2p
p
Z 1
1
j n j fB1½ðjCþ 1ÞL1f2 þ ðC 1ÞL2f1 þ B2½ðjCþ 1ÞL3f2 þ ðC 1ÞL4f1g
H
 eiðlþx1hÞndn x^2llﬃﬃﬃﬃﬃ
2p
p
Z 1
1
infB3½ðjCþ 1ÞL1f2 þ ðC 1ÞL2f1  B4½ðjCþ 1ÞL3f2 þ ðC 1ÞL4f1g
H
 eiðlþx1hÞndn llﬃﬃﬃﬃﬃ
2p
p
Z 1
1
ðx^1 j n j þx^2inÞf1ða1  1Þ  ðx^1 j n j x^2inÞf2 1a1  1
  
eiðlþx1hÞndn;
ðB17aÞwhereB1 ¼ 1 a21  2a2; ðB17bÞ
B2 ¼ 1 2a2a21  a21; ðB17cÞ
B3 ¼ a21  2a2  1; ðB17dÞ
B4 ¼ a21  2a2a21  1: ðB17eÞTaking following notes ofF 1 ¼ f1e
ix1hn
eiln  1 and F 2 ¼
f2eix1hn
eiln  1 ; ðB18Þwe re-express Eq. (B17) as:Eh0;2e¼ 
x^1llﬃﬃﬃﬃﬃ
2p
p
Z 1
1
j n j B1½ðjCþ1ÞL1F 2þðC1ÞL2F 1þB2½ðjCþ1ÞL3F 2þðC1ÞL4F 1f g
H
ð1 eilnÞdn
 x^2llﬃﬃﬃﬃﬃ
2p
p
Z 1
1
in B3½ðjCþ1ÞL1F 2þðC1ÞL2F 1B4½ðjCþ1ÞL3F 2þðC1ÞL4F 1f g
H
ð1 eilnÞdn llﬃﬃﬃﬃﬃ
2p
p
Z 1
1
ðx^1 j n j þx^2inÞF 1ða11Þðx^1 j n j x^2inÞF 2 1a11
  
ð1eilnÞdn; ðB19ÞUsing the following Fourier transformations,lnðx21 þ h2Þ ) 
ﬃﬃﬃﬃﬃ
2p
p
j n j a1 ; arctan
x1
h
)
ﬃﬃﬃ
p
2
r
i
na1
;
1
x21 þ h2
)
ﬃﬃﬃ
p
2
r
1
ha1
;
x1
x21 þ h2
)
ﬃﬃﬃ
p
2
r
i j n j
na1
;
ðB20Þwe have the even and odd parts of F1 and F2F ðoÞ1 ¼
iJ 1
2
ﬃﬃﬃﬃﬃ
2p
p
ln3a21
x^1; ðB21aÞ
F ðeÞ1 ¼
J 1
2
ﬃﬃﬃﬃﬃ
2p
p
ln3a21
x^2; ðB21bÞ
F ðoÞ2 ¼
ið2a2J 1  J 2Þ
2
ﬃﬃﬃﬃﬃ
2p
p
ln3
x^1; ðB21cÞ
F ðeÞ2 ¼
J 2 þ 2a2J 1
2
ﬃﬃﬃﬃﬃ
2p
p
ln3
x^2: ðB21dÞThe energy due to the second part of the stress ﬁeld integration along the arbitrary cut can be rewritten as
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Ee;h0;2 ¼ Ehx1 þ Ehx2 þ Ehx1x2; ðB22bÞ
Ee;h0;3 ¼ Ee;h0;3x1 þ Ee;h0;3x2 þ Ee;h0;3x1x2; ðB22cÞwhereEhx1 ¼
x^21l
2
2p
ðJ 1 þ J 2Þ 1
2
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l2 þ 4h2
l2 þ h2 þ
4h
l
arctan
l
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 
 h
l
ð3J 1 þ J 2Þ arctan lh
4J 1h
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l2 þ 4h2
 
; ðB23aÞ
Ehx2 ¼
x^22l
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2p
ðJ 1 þ J 2Þ
2
ln
l2 þ 4h2
l2 þ h2 þ
h
l
ðJ 1  J 2Þ arctan lh
4J 1h
2
l2 þ 4h2
 
; ðB23bÞ
Ehx1x2 ¼
x^1x^2lh
p
ðJ 2  J 1Þ ln 4h
2 þ l2
4h2
þ J 1 ln h
2 þ l2
h2
 
; ðB23cÞEe;h0;3x1¼
x^21l
2p
Z 1
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C1ðL1B1þL3B2ÞðJ 22a2J 1ÞC2ðL2B1þL4B2ÞðJ 12a2J 2þ4a22J 1Þ
Ha21n
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sinðlnÞdn; ð24aÞ
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2p
Z 1
0
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Ha21n
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Ha21n
2
½1 cosðlnÞdn: ð24cÞwith C1 = j*C  j, C2 = C  1.
The energy associated with the second part of the stress ﬁeld integration along the horizontal path is cal-
culated in the same way and expressed in terms ofEl0;2e ¼ Ee;l0;2 þ Ee;l0;3; ðB25aÞ
Ee;l0;2 ¼ Elx1 þ Elx2 þ Elx1x2; ðB25bÞ
Ee;l0;3 ¼ Ee;l0;3x1 þ Ee;l0;3x2 þ Ee;l0;3x1x2; ðB25cÞwhereEe;l0;2 ¼
lﬃﬃﬃﬃﬃ
2p
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1
ði j n j ½F 2ð2a2  1Þ þ a21F 1x^1  n½F 2ð1þ 2a2Þ
þ a21F 1x^2Þ
½2 2 cosðnlÞ  nl sinðnlÞ þ inl½1 cosðnlÞ
a21n
dn; ðB26aÞ
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x^21l
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2 þ l2
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 16h
2
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4h2
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l
2h
 J 2 þ J 1 4h
2  l2
4h2 þ l2

; ðB26bÞ
Elx2 ¼
x^22l
2
4p
4h2
l2
ðJ 2  J 1Þ ln 4h
2 þ l2
4h2
 J 2 þ J 1 4h
2  l2
4h2 þ l2
 
; ðB26cÞ
Elx1x2 ¼
x^1x^2l
2p
Z 1
0
4a2ðJ 1  J 2Þ 1 cosðnlÞ
a21n
2
dn ¼ x^1x^2lhðJ 1  J 2Þ
p
ln
4h2 þ l2
4h2
; ðB26dÞ
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x^21
2p
Z 1
0
½C1ðL1B1 þ L3B3ÞðJ 2  2a2J 1Þ  C2ðL2B1 þ L4B2ÞðJ 1  2a2J 2 þ 4a22J 1Þ
 2 2 cosðnlÞ  nl sinðnlÞ
Ha21n
3
dn; ðB27aÞ
Ee;l0;3x2 ¼
x^22
2p
Z 1
0
½C1ðL1B3  L3B4ÞðJ 2 þ 2a2J 1Þ þ C2ðL2B3  L4B4ÞðJ 1 þ 2a2J 2 þ 4a22J 1Þ
 2 2 cosðnlÞ  nl sinðnlÞ
Ha21n
3
dn; ðB27bÞ
Ee;l0;3x1x2 ¼
x^1x^2l
2p
Z 1
0
½C1ðL1B3  L3B4ÞðJ 2  2a2J 1Þ  C2ðL2B3  L4B4ÞðJ 1  2a2J 2 þ 4a22J 1Þ
 1 cosðnlÞ
Ha21n
2
dn: ðB27cÞFinally, it shall be noted that the energy components of Es;h0;3, E
s;l
0;3, E
e;h
0;3, and E
e;l
0;3 are attributed to the elastic
mismatch between the epilayer and the substrate.
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